The emerging GNSSs make single-frequency (SF) RTK positioning possible. In this contribution two different types of lowcost (few hundred USDs) RTK receivers are analyzed, which can track L1 GPS, B1 BDS, E1 Galileo and L1 QZSS, or any combinations thereof, for a location in Dunedin, New Zealand. These SF RTK receivers can potentially give competitive ambiguity resolution and positioning performance to that of more expensive (thousands USDs) dual-frequency (DF) GPS receivers. A smartphone implementation of one of these SF receiver types is also evaluated. The least-squares variance component estimation (LS-VCE) procedure is first used to formulate a realistic stochastic model, which assures that our receivers at hand can achieve the best possible ambiguity resolution and RTK positioning performance. The best performing low-cost SF RTK receiver types are then assessed against DF GPS receivers and survey-grade antennas. Real data with ionospheric disturbances at low, medium and high levels are analyzed, while making use of the ionosphere-weighted model. It will be demonstrated that when the presence of the residual ionospheric delays increases, instantaneous RTK positioning is not possible for any of the receivers, and a multi-epoch model is necessary to use. It is finally shown that the low-cost SF RTK performance can remain competitive to that of more expensive DF GPS receivers even when the ionospheric disturbance level reaches a Kp-index of 7−, i.e. for a strong geomagnetic storm, for the baseline at hand.
Introduction
With the combination of Global Navigation Satellite Systems (GNSSs) like the Chinese BeiDou Navigation Satellite System (BDS), European Galileo, Japanese Quasi-Zenith Satellite System (QZSS) and the American Global Positioning System (GPS), single-frequency (SF) real-time kinematic (RTK) positioning becomes feasible (Verhagen et al. 2012; Pesyna et al. 2014 ). According to (Riley et al. 2017 ) most of the current Android-based smartphone devices that can deliver GNSS code and phase observations do so with an accumulated delta range with an arbitrary phase offset and duty cycling, which can hinder integer ambiguity resolution. This is similar to what was observed in (Banville and Diggelen 2016; Realini et al. 2017; Siddakatte et al. 2017) .
In this contribution we will compare the performance, for the first time, for two low-cost SF RTK receivers that can track L1 GPS, B1 BDS, E1 Galileo and L1 QZSS, or any combinations thereof, as well as a smartphone implementation of one such SF RTK receiver. This will be done both formally and empirically for baselines with ionospheric disturbances (see e.g. Yuan and Ou 2001b) at absent, low, medium and high levels, thereby making use of the ionosphere-weighted model. Some initial formal (simulated) SF 4-system results were shown in (Odolinski and Teunissen 2017a) for medium ionospheric activity, whereas in this contribution we will also evaluate such performance empirically using real data. The global ionospheric disturbance can be measured by the Kp-index (Bartels et al. 1939) . The Kp-index is given for three-hour time intervals and is obtained as the weighted average of the disturbance levels observed at selected global geomagnetic observatories. The final Kp-index is determined by GFZ, Potsdam in Germany (https://www.gfz-potsdam.de/ en/kp-index/) and range between 0o, 0+, 1−, 1o, 1+... all the way up to 9o, i.e. 28 values in total. Minor geomagnetic storms are defined with a Kp-index of 5 (denoted G1), moderate storms at 6 (G2), strong storms at 7 (G3), severe storms at 8 (G4), and finally extreme storms at 9 (G5). In this contribution we will analyze data with a Kp-index reaching a level of 7−, i.e. a strong G3 storm, which occur only about eleven to twelve days per year (http://www.swpc.noaa.gov/ sites/default/files/images/NOAAscales.pdf).
This contribution is organized as follows. In Sect. 2 we define the functional model of the SF 4-system RTK model with GPS, QZSS, BDS and Galileo observations. In Sect. 3 the GNSS data and baseline lengths are described for the evaluation of two types of low-cost SF RTK receivers, and a smartphone implementation of one such receiver. This section further describes the high-grade DF GPS RTK receivers and antennas that are used for the ionosphereweighted baselines, and to be compared to the low-cost SF RTK receivers/antennas. In Sect. 4 the least-squares variance component (LS-VCE) and time correlation of the two types of low-cost RTK receivers are evaluated, and their positioning performance is compared in Sect. 5. In Sect. 6 the smartphone RTK solution is analyzed, and in Sect. 7 the best performing low-cost RTK receiver type is evaluated for ionosphere-weighted baselines with low, medium and high ionosphere disturbance levels for a baseline length of 8.9 km. In Sect. 8 a 21.8 km baseline with a reasonably low ionosphere disturbance level is compared to the 8.9 km baseline results. Finally in Sect. 9, a summary with conclusions is given.
Single-frequency 4-system RTK model
In the following we describe the single-baseline and SF RTK model. We assume for brevity that two receivers track all GNSSs on the same overlapping frequency j. When the baseline length between the receivers is sufficiently short (say a few kilometers), the satellite orbit errors and relative slant ionospheric delays can be neglected in the model (also referred to as the "ionosphere-fixed" model). The receivers are assumed to be from the same manufacturer (receiver make, type and firmware), which thus allows us to assume that the inter-system biases (ISBs) between all constellations are zero. We can then use inter-system double-differencing (DD) with respect to a common reference satellite (Julien et al. 2003) to maximize the redundancy of the model (Odijk and Teunissen 2013; Odolinski et al. 2015a ).
In the following we denote systems as A for GPS, and B for QZSS+BDS+Galileo, respectively. The full-rank, singleepoch and SF (ionosphere-fixed) DD observation equations of systems A and B read The φ * and p * are the m * vectors with between-receiver single-differenced phase and code observables, respectively, for systems * = {A, B}. Note that the B1 frequency of second generation BDS-2 (see e.g. Montenbruck et al. 2013 ) that is tracked by our low-cost receivers does not overlap the L1 and E1 frequencies, so that classical system-specific differencing is employed for this system. The matrix W * = diag w 1 * , . . . , w m * contains the satellite s * = 1 * , . . . , m * elevation-dependent weight (Euler and Goad 1991) . The notation "diag" denotes a diagonal and "blkdiag" a block diagonal matrix, respectively.
When residual ionospheric delays become present, we will also use the so-called ionosphere-weighted model (Teunissen 1998b; Odijk 2002 3 New Zealand GNSS data collection Figure 1 and Table 1 depict the GNSS data to evaluate the two different SF low-cost RTK receiver types. The Detection, Identification and Adaptation (DIA) procedure by Teunissen (1990) was used to detect and identify outliers, and the LAMBDA method (Teunissen 1995) for ambiguity resolution. Skytraq S2525F8-BD and ublox EVK-M8T RTK receivers are used to collect L1+L1+B1+E1 GPS+QZSS+BDS+ Galileo data for a baseline length of 670 m. Note that the Skytraq receivers did not have the capability to track E1 Galileo at the time of writing this manuscript, whereas the ublox EVK-M8T receivers do. We initially connect the receivers to the same ublox ANN-MS patch antennas through antenna splitters, so as to truly track the same satellites. The LS-VCE procedure (Teunissen 1988; Teunissen and Amiri-Simkooei 2008) is then used to determine the zenithreferenced and undifferenced standard deviations (STDs) for code and phase. We then analyze the best performing lowcost SF receivers for different ionosphere-weighted baselines of 8.9 km and 21.8 km in length, and compare the performance to that of DF GPS tracked by Trimble 5700 receivers and Zephyr 2 antennas. For all evaluations the Geostationary Orbit (GEO) C03 BDS satellite had to be excluded since it yielded many incorrectly fixed instances caused by lowelevation multipath (Wang et al. 2015a, b) , due to it being almost stationary and having a low elevation angle of around 12 • with respect to the receivers (Odolinski and Teunissen 2016) . Figure 2 depicts the number of satellites tracked over a 24 h period with a 30 s measurement interval in January 5 and 8, 2018, for ublox and the Skytraq receivers, respectively, with GPS (blue), BDS (magenta), QZSS (cyan), and total number of satellites (black). The satellite tracking by the ublox receivers is given at top and when Skytraq receivers are used at bottom row. The top row shows the total number of satellites for the ublox model when including Galileo (green) satellites as well, whereas the Skytraq receivers do not currently (as of January 2018) track Galileo. Figure 2 shows that the number of satellites tracked by the Skytraq receivers is smaller than for ublox, where the total number of satellites range between 12 and 19, whereas the corresponding ublox receiver-satellite numbers are 13 to 21 satellites when tracking three systems. Moreover when Galileo is included for the ublox receiver at the top row, the total number of satellites does not go below seventeen over the entire 24 h period. Note also that the BDS MEO satellites do not repeat between 5 January and 8 January, which can explain some of the differences in number of BDS satellites between the receivers and time periods. The poorer tracking capabilities of the Skytraq receivers have subsequently been confirmed by communication with Skytraq (SkyTraq 2018) and were also independently verified by data in Perth, Australia. This implies that the ublox RTK receiver model is expected to be a stronger model provided that the code and phase (co)variances between the receiver types are of similar magnitude. Hence as a next step we will now investigate whether this is the case through LS-VCE.
LS-VCE and time-correlation of single-frequency low-cost RTK receivers
In this section we present LS-VCE (Teunissen 1988; Teunissen and Amiri-Simkooei 2008) results for the two different low-cost SF RTK receiver types, and investigate their timecorrelation by using a zero-baseline (ZB) setup. This is done so we can formulate a realistic stochastic model, whereas an incorrect stochastic model will deteriorate the ambiguity resolution and positioning performance. For the purpose of LS-VCE, the geometry-fixed and ambiguity-fixed model was employed, while using very precise benchmark coordinates,
where
T the m − 1 combined phase random observation noise vector, and e = e T A , e T B T the m −1 combined code random observation noise vector. In the geometry-fixed model the broadcast ephemerides are used to obtain the satellite coordinates, and the baseline is precisely known so that the receiver-satellite range ρ is also known. Table 1 . a Section 4: Patch ANN-MS antennas are connected to ublox EVK-M8T receivers. Skytraq S2525F8-BD RTK receivers have been connected to the same patch antennas as well through an antenna splitter so as to truly track the same GPS+QZSS+BDS constellation. Independent data are then subsequently used for positioning in Sects. 5-8, respectively, using the LS-VCE estimates. b Section 7: Nine hours of GNSS data of different geomagnetic disturbances with mean Kp-index 0+, 3o and 5o (as predicted by GFZ), respectively, were collected for a 8.9 km baseline in Dunedin, with ublox+patch and Trimble 5700+Zephyr antennas. Finally a similar GNSS data collection campaign was conducted for a baseline length of 21.8 km in Sect. 8. c The baselines formed to evaluate the RTK performance in Dunedin are 670 m, 8.9 km, and 21.8 km, respectively. The maps were obtained through Map data ©Google. a Low-cost L1+L1+B1 GPS+QZSS+BDS RTK receiver performance comparison for a baseline of 670 m using patch ANN-MS antennas (left two columns) with ublox EVK-M8T and Skytraq S2525F8-BD receivers connected to both antennas through an antenna splitter (second last right column) for LS-VCE. The D302 smartphone RTK receiver test is also depicted and connected to the same setup (last right column). b Ionosphere-weighted RTK receiver performance for a baseline of 8.9 km and 21.8 km (left three columns) with low-cost ublox EVK-M8T + patch collecting L1+L1+B1+E1 GPS+QZSS+BDS+Galileo data and Trimble 5700 + Zephyr 2 antennas collecting L1, L2 GPS data (right). c Dunedin baselines
These benchmark receiver coordinates were determined from an ambiguity-fixed model while treating the ambiguities as time constant in a dynamic model over the entire observation time span (see Chapter 22, p. 654 in Teunissen and Montenbruck 2018) . The observation noise vectors and e are zero-mean vectors provided that no multipath is present in (3).
We remark that although making use of antenna splitters ( Fig. 1 ) guarantees that both receivers experience similar multipath effects, it can also increase the noise level and introduce some correlation in the data between the receivers. Nevertheless we will use independent data in the following sections, without antenna splitters, so as to validate our stochastic models determined through the LS-VCE STDs and to assure that this does not also affect the positioning results. Note also that we estimated the covariances between code and phase as approximately zero for both receiver types and all systems, and that covariances between the different satellites are not analyzed in this contribution. Figure 3 depicts the single-epoch, undifferenced and zenith-referenced B1 BDS STDs based on the 670 m baseline data and an elevation cut-off angle of 10 • . This is given for ublox+patch in the top left two columns, and Skytraq+patch antennas at middle row and left columns while using L1+L1+B1 GPS+QZSS+BDS data during 1 h and using a 1 s measurement interval (c.f. Table 1 ). The corresponding DD phase and code least-squares (LS) residuals are also shown in the right two columns, respectively, where the same BDS reference satellite has been used for both models when formulating the DD. The large fluctuations and periodic behavior seen for the DD residuals and both receiver types are likely due to the poor signal reception and multipath suppression of patch antennas, see e.g. Pesyna et al. (2014) , Odolinski and Teunissen (2017b) . At the bottom row of Fig. 3 we therefore depict the Skytraq-ublox differenced DD residuals in the right two columns and the corresponding LS-VCE STDs in the left two columns. Note that the doubling in noise by differencing the DD residuals have been taken into account by dividing them by √ 2. By this differencing we can thus mitigate potential multipath effects since the receivers are connected to the same antenna through splitters, and any remaining multipath would then mainly be due to the receivers being from different manufacturers or any nonsimultaneous sampling of the GNSS observations. Finally we removed the additional number of satellites tracked by ublox (c.f. Fig. 2 ) for all results, so that the model strength is similar between the receivers. Table 2 shows the mean values of all estimated singleepoch STDs for all frequencies over the one hour time period, and when including all satellites. In addition for the ublox receivers that also track E1 Galileo, we provide the corresponding estimated STDs. The STDs based on the Skytraq-ublox differenced DD LS residuals (bottom row of Fig. 3 ) are shown within parentheses. Finally within square brackets we depict the corresponding LS-VCE STDs based on day-differenced DD residuals while taking into account the constellation repeatability period of one sidereal day (Axelrad et al. 2005) for GPS Medium Earth Orbit (MEO), and BDS/QZSS inclined geosynchronous satellite orbit (IGSO) satellites (Jiang et al. 2011) , while the BDS Geostationary Earth Orbit (GEO) satellites are almost stationary (Montenbruck et al. 2013) . The doubling in noise that enters is again taken into account by dividing the daydifferenced DD code and phase LS residuals by √ 2. Table 2 shows, for instance, that the ublox code STDs reduce from 43 cm for L1 GPS, 63 cm for L1 QZSS, and 49 cm for B1 BDS, to 21 cm, 27 cm, and 21 cm, respectively, when based on day-differenced DD code residuals and when multipath has been significantly reduced. This is similar to the L1/B1 ublox+patch antenna results obtained in (Odolinski and Teunissen 2017b) . Note further that the E1 Galileo STDs were not computed for the day-differencing since Galileo MEO satellites repeat their positions every tenth sidereal day (GalileoICD 2015), whereas we only collected two consecutive days of data. Nevertheless the corresponding E1 Galileo STDs are expected to have a similar magnitude to that of Fig. 1 ) and while using a L1+L1+B1 GPS+QZSS+BDS model. This was based on 1 h (1 s) and 670 m baseline data (Table 1) , where both receiver types were restricted to track the same satellites. b Shows the corresponding B1 DD phase and code LS residuals where the same BDS reference satellite has been used between the two models. a B1 BDS STDs for ublox+patch (top), Skytraq+patch (middle) and based on Skytraq-ublox differenced DD LS residuals (bottom). b B1 DD LS residuals for ublox+patch (top), Skytraq+patch (middle) and Skytraq-ublox differenced DD LS residuals (bottom) 
The STDs have been estimated based on models including all satellites from GPS+QZSS+BDS (+Galileo for ublox) and 1 h of data (1 s), independent from the data to be used for positioning (Table 1 ). The corresponding STDs based on day-differenced (December 9 11:40:30 minus December 10 11:36:30 UTC) DD residuals are shown in square brackets (without BDS MEO satellites), and when based on Skytraq-ublox differenced DD LS residuals (bottom row of Fig. 3 ) within parentheses. Note that the Galileo MEO satellites repeat their positions every tenth sidereal day, and thus day-differenced Galileo results are not presented for December 9-10 L1 GPS, see e.g. Odolinski and Teunissen (2017a) where geodetic antennas were used to suppress multipath. Figure 3 shows that the phase STDs, in the left column and in green color, have reasonably similar excursions between the ublox+patch (at top) and in comparison with the Skytraq+patch antenna model (in the middle row). For instance STD excursions occur just before epoch 900, 1800 and between epochs 1800 and 2700, with a similar behavior in the DD phase LS residuals (right column). The bottom row of Fig. 3 illustrates that this is likely due to multipath since all excursions for the B1 phase STDs practically disappear as an effect of the Skytraq-ublox differenced B1 DD phase residuals (see also the smaller corresponding B1 STDs in Table 2 ). On the other hand, for the corresponding DD code residuals some of these excursions still remain in the results which is believed to be an effect of receiver-related filtering used for one of the receivers. Table 2 namely shows that the L1 and B1 code STDs are smaller for the Skytraq receivers and in comparison with the ublox receivers. For instance the B1 code STD is 49 cm for the ublox receivers, whereas it is estimated as 43 cm for the Skytraq receivers. The smooth Skytraq B1 code STD time-series in the left column and corresponding code DD LS residuals in the right column (middle row) of Fig.  3 , shows that this is likely an effect of "phase smoothing", or more correctly referred to as filtering (Le and Teunissen 2006) such as a Hatch filter (Hatch 1982; Park et al. 2017 ) to bring down the code observation noise level (Bona 2000; Li et al. 2008; Li 2016) . Such filtering techniques will introduce significant time-correlation in the single-epoch ambiguityfloat positioning time-series (Le and Teunissen 2006) , which is driven by the (filtered) code data.
So as to study such time-correlation, which if neglected in a multi-epoch stochastic model will deteriorate the ambiguity resolution and positioning performance, we depict in Fig. 4 the autocorrelation coefficients (Amiri-Simkooei and Tiberius 2007; Teunissen and Amiri-Simkooei 2008) . This is based on 1 h (1 s) data for the corresponding single-epoch ambiguity-float L1+L1+B1 local Up positioning errors as depicted in the left column, while making use of an elevation cut-off angle of 10 • . The North and East positioning errors behave in a similar manner and are thus not depicted for brevity. These positioning errors were computed by comparing the estimated positions to very precise benchmark coordinates. In these results we make use of a zero-baseline (ZB) setup, where the two receivers are connected to the same antenna through an antenna splitter, so that external error sources such as multipath are largely eliminated and any remaining errors would be due to the non-simultaneity of the receiver sampling. Any further time-correlation that would then show up would be due to internal effects in the receivers, such as filtering, or imposed by the use of antenna splitters. In addition we show in the right column of Fig. 4 the corresponding ambiguity-fixed results. The ublox+patch model is shown in the top row and when making use of Skytraq+patch antennas at bottom row. Figure 4 shows that the time-correlation for the Skytraq+patch ambiguity-float positioning errors (in the left column and bottom row) are significantly larger than for ublox+patch (top row), which again makes us to believe that receiver-related filtering of the code data is used since code-multipath has been significantly reduced through the employment of a ZB. The time-correlation estimates namely exceed an autocorrelation coefficient of 0.5 for more than 100 s for the Skytraq receivers, whereas the ublox receivers reach similar values only after two seconds. The corresponding ambiguity-fixed positioning (in the right column) shows time-correlation estimates that reach zero after one second for both receiver types and that fall well within the 95% confidence interval (dashed red lines). This implies that any presence of phase-multipath has also been significantly reduced through the ZB. As a final investigation on the possibility of receiverrelated filtering for the Skytraq receivers we conducted an experiment with the same 670 m baseline setup as in Fig.  1 , where we collected a total of 30 min (1 s) data and the Skytraq receivers were restarted every five minutes. This is done since phase smoothing techniques, like the Hatch filter, makes use of previous epoch code and phase data to obtain more precise code observations than the unfiltered singleepoch counterparts (Le and Teunissen 2006) . By re-starting the receivers we can then make sure that any receiver-related filter is re-initialized, which should consequently result in less precise code observations until the filter (re-)converges. Figure 5 depicts the corresponding single-epoch L1+L1+B1 DD code LS residuals at top and the ambiguity-float (codedriven) positioning errors in local North, East and Up at bottom row. Any gaps in the time-series are due to the time taken to power off and on the receivers, and re-start the GNSS data collection process. Figure 5 shows that the single-epoch DD code LS residuals and corresponding ambiguity-float positioning indeed gets more precise over time, particularly at the end of each five minute period. One can also see at every re-start of the receiver (vertical dashed black lines) that the code observations, and thus the positions, get less precise. This indicates that receiver-related filtering to make the code observations more precise is used for the Skytraq receivers. This has also subsequently been confirmed by communication with Skytraq (SkyTraq 2018) , and with an independent analysis of a ZB Skytraq receiver setup in Perth, Australia. 
Positioning performance comparison between single-frequency low-cost RTK receivers
In this section we will investigate the positioning performance of the ublox EVK-M8T and Skytraq S2525F8-BD RTK receivers with ANN-MS patch antennas, while making use of the LS-VCE STDs as determined in Table 2 . This analysis will be based on independent data of 24 h (Table 1) , with a 30 s measurement interval so as to avoid some of the earlier-referenced time correlation. We will also compare the L1+L1+B1 GPS+QZSS+BDS performance to when we add the current (January 8, 2018) E1 Galileo constellation to the ublox receiver model. In Fig. 6 we depict the single-epoch positioning errors for an elevation cut-off angle of 10 • , as determined by com- Table 1 ) independent of the data used to determined the stochastic model in Table 2 . a Skytraq+patch: L1+L1+B1. b Ublox+patch: L1 + L1 + B1 + E1
paring the estimated positions to very precise benchmark coordinates, with ambiguity-float at top and ambiguity-fixed solutions at bottom row. These fixed solutions were determined as correctly fixed by comparing the single-epoch ambiguities to a set of reference ambiguities derived by using the geometry-fixed model with a Kalman filter and a dynamic model for the ambiguities, while treating them as time constant parameters over the whole time span. The mean value of all single-epoch formal variance matrices of the positions was used to formulate the formal 95% confidence ellipses and intervals, which are denoted in red color. The empirical variance matrix, as determined by comparing the estimated positions to the benchmark coordinates, was subsequently used to compute the corresponding empirical 95% confidence ellipses and intervals in green color. Figure 6 shows the good agreement between the empirical and formal confidence ellipses and intervals, which implies that the stochastic model settings determined through LS-VCE (c.f. Table 2 ) are realistic. Note also the two order of magnitude improvement when going from single-epoch ambiguity-float solutions with meter-level precision at top, to ambiguity-(correctly)fixed solutions with millimeter-level precision at bottom row (Teunissen 1995) . Once a Kalman filter with a dynamic model is used to define the multi-epoch models, and assuming the ambiguities to be time constant, the ambiguity-float baseline solutions will get more and more precise over time as the float ambiguities are then converging toward deterministic values (unless cycle slips occur). At some point the precision of the ambiguity-float baseline solution will equal or be very similar to that of the ambiguityfixed counterpart, so that an improvement when going from ambiguity-float baseline to an ambiguity-fixed baseline solution will be less significant than in the single-epoch case in Fig. 6 . Moreover for the Skytraq receivers, at left column and top row, we see again a somewhat smooth behavior of the ambiguity-float solutions despite the fact that a measurement interval of 30 s has been used. This implies that the earlier referenced receiver-related filter again affects the ambiguityfloat positioning results (c.f. Figs. 4 and 5) .
As a next step we evaluate the ambiguity resolution performance of the two receiver models. We make use of the following formula by Teunissen (1998a) ,
where P[ž IB = z] denotes the probability of correct integer estimation of the integer bootstrapped (IB) estimatorž IB and σˆz i|I , i = 1, . . . , n, I = {1, . . . , (i − 1)}, are the conditional STDs of the LAMBDA decorrelated ambiguities. Figure 7 depicts the single-epoch formal bootstrapped (dotted lines) and empirical integer least-squares (ILS) success rates (SRs, full lines) that are averaged over the 24 h of data and conditioned on Positional Dilution of Precisions (PDOPs) ≤ 10, so that the correctly fixed positioning can obtain millimeter to centimeter-level positioning precisions . The bootstrapped SR is a sharp lower bound to the ILS SR (Teunissen 1998a Fig. 7 Single-epoch empirical ILS (full lines) and formal bootstrapped SR (P s|PDOP≤10 , indicated by dotted lines) for 4-system L1+L1+B1+E1 and 3-system L1+L1+B1 models as a function of the elevation cut-off angle, based on the 670 m baseline data as depicted in Fig. 1 P s E |PDOP≤10 = # of correctly fixed epochs and PDOP ≤ 10 total # of epochs (5) The figure shows that the ILS SRs are consistent with the bootstrapped SRs for all the depicted elevation cut-off angles.
Most importantly Fig. 7 shows the effect of the better satellite tracking (c.f. Fig. 2 ) of the L1+L1+B1 ublox+patch antenna model (black lines) over the corresponding Skytraq receiver model (red lines), with smaller SRs for the latter model particularly for higher than customary elevation cutoff angles above 20 • . Moreover when adding E1 Galileo to obtain the SF 4-system ublox+patch model (green lines), it achieves an excellent performance with 100% ILS SRs for cut-off angles up to 25 • and 99.5% SR for the highest analyzed cut-off angle of 30 • . The corresponding 3-system SF ILS SRs are 66.7% and 81.4% for the Skytraq+patch and ublox+patch models, respectively. Figure 8 shows the corresponding instantaneous positioning errors when using the cut-off angle of 30 • for the three models, with the horizontal positioning scatter plot at top, and the Up positioning error time-series in the second row. The formal ambiguity-float Up STDs (blue dashed lines) are also depicted to show consistency with the empirical ambiguity-float results. The first column corresponds to the Skytraq+patch L1+L1+B1 results, second column to the ublox+patch model, and the third column shows the results when E1 Galileo is also included for the ublox model. A zoom-in window is used, for both the horizontal and Up positioning errors, to show the improvement when going from the ambiguity-float (in gray) and incorrectly fixed solutions (in red color) with meter-level precision, to millimetercentimeter-level precision when the solutions are correctly fixed (green color). Third row depicts the Ambiguity Dilution of Precision (ADOP, Teunissen (1997) , in blue), which is defined as,
where n the dimension of the ambiguity vector, Qââ the ambiguity variance matrix, and |.| denotes the determinant. ADOP is a good approximation to the average precision of the ambiguities, and it also provides for a good approximation to the ILS SR (Verhagen 2005) . When the ADOP is below the 0.12 cycle level (dotted red lines), one can generally expect an ambiguity SR larger than 99.9% (Odijk and Teunissen 2008) . Finally fourth row of Fig. 8 depicts the total number of satellites in green and in red when below ten, whereas magenta corresponds to BDS, cyan QZSS and dark green lines to the Galileo satellites. Figure 8 shows that the Skytraq model (left column) achieves a rather poor performance (ILS SR of 66.7%) for this high cut-off angle, since most of the time during the day the number of satellites is below ten (red lines) due to its poorer satellite tracking abilities. This gives many incorrectly fixed solutions (red dots) throughout the day except for a few hours just before epoch 1440 to 2160, and during those times the ADOPs (blue lines) are also close to the 0.12 cycle level (red dotted lines). Moreover the ambiguity-float STDs (blue dashed lines) have excursions of several tens of meters when the number of satellites reaches values of 5 or 6 due to the poor satellite geometry, e.g. at the beginning of the day, and around epochs 720 and 2880, which also give large excursions for the ambiguity-float solutions (gray dots) and incorrectly fixed solutions. The corresponding ublox receiver model (middle column) achieves a much better performance (ILS SR of 81.4%), particularly at the beginning of the day and until epoch 720 where the number of satellites is above nine (light green lines) most of the time. Most importantly when the Galileo satellites are added to the solution (in the right column), the ublox model achieves an ILS SR of 99.5% (c.f. Fig. 7 ) with correctly fixed solutions (green dots) with millimeter-centimeter level positioning precisions, and ADOPs close to or below the 0.12 cycle level since the number of satellites are above ten throughout the day.
6 Positioning performance of a smartphone implementation of a single-frequency low-cost RTK receiver
In this section we will investigate the positioning performance of an Android-based smartphone D302-RTK receiver (https://www.datagnss.com/handheld-rtk/) that has support of a 4G data network, and is able to track L1 GPS, B1 BDS and E1 Galileo. It is based on a Android 5.1.1 quad-core 1.3 Ghz processor and the satellite tracking is conducted by a ublox M8T GNSS receiver (DataGNSS 2018) . This receiver is the same receiver that has been used throughout our contribution, i.e. in the evaluation kit of ublox (EVK-M8T). The total cost of this device is around 1000 USDs. We will use a (Table 1) . A zoom-in window is used for both the horizontal and Up positioning errors. Below each Up error time-series the ADOP is depicted as blue lines, and the 0.12 cycle level as dashed red lines. At bottom row the number of satellites is depicted in light green when above nine, and in red when below ten, cyan is QZSS, magenta BDS and dark green lines correspond to the Galileo satellites in the right column ublox EVK-M8T receiver as the base station, and 670 m from it we locate the D302-RTK receiver which is also connected to a ublox ANN-MS patch antenna. This is the same baseline as depicted in Fig. 1 that was used to derive the results in the previous section, and since the D302 Android-based unit is based on the same receiver type (ublox M8T) we apply the same stochastic model settings (Table 2 ).
In Fig. 9 the single-epoch positioning errors of the L1+B1+E1 model (ublox to D302-RTK) are depicted with ambiguity-float at top and ambiguity-fixed solutions at bottom row, all given using an elevation cut-off angle of 10 • . The formal and empirical confidence ellipses and intervals at the 95% confidence level, are again denoted in red and green color, respectively. Note that the data used in this positioning analysis (24 h (30 s) data in 21-22 January, 2018) are independent of the LS-VCE results (1 h (1 s) data in 9 December, 2017) used to determine the stochastic model (Table 1) . We further remark that the ambiguity-float North component has a small bias in Fig. 9 , which we believe is due to code-multipath but it needs further investigation.
More importantly the formal 95% confidence ellipses and intervals in Fig. 9 are in good agreement with the empirical counterparts, which again indicates that the stochastic model settings in Table 2 are realistic. Moreover when using this smartphone connected to a patch antenna it achieves a 100% SR over the entire 24-h time span, which is what we also observed for the ublox EVK-M8T receiver setup (Figs. 6 and  7) . In other words we have shown that successful instantaneous ambiguity resolution and millimeter-centimeter level positioning precisions can now be achieved directly in a smartphone with such integrated SF RTK receiver. Fig. 1 and Table  1 ) independent of the data used to determined the stochastic model in Table 2 7 Ionosphere-weighted single-frequency low-cost RTK receiver performance with ionosphere disturbances at low, medium and high levels
In the previous sections we demonstrated that instantaneous and successful low-cost SF RTK positioning is possible for a baseline length of 670 m. In this section we will investigate the corresponding performance when the residual ionospheric delays need to be modeled as a function of the baseline length of 8.9 km through the ionosphere-weighted model (Teunissen 1998b; Odijk 2002) , while making use of the best performing SF 4-system L1+L1+B1+E1 RTK model. We tested the significance of the relative ZTD for all baselines and time-periods, where the mean ZTD values were estimated to at most a few millimeters with millimeter-level precision, similar to the phase precision. This indicates that the relative ZTD can be safely neglected for all our results so as to strengthen the models. In the next section we will also look at the low-cost SF RTK performance when the ionospheric disturbance is at a reasonably low level for a 21.8 km baseline.
Least-squares estimated DD slant ionospheric delays
The Kp-index for three nine-hour periods to be analyzed was determined as a mean value over each nine hour period as 0+, 3o and 5o (c.f. Table 1) , respectively, i.e. low, medium and high levels. These levels were determined by GFZ, Potsdam, Germany (c.f. https://www.gfz-potsdam.de/en/kpindex/). DF L1, L2 GPS data were also collected with highgrade Trimble 5700 receivers and using geodetic Trimble Zephyr 2 antennas, at approximately the same receiver location as the low-cost SF receivers and patch antennas (c.f. Fig.  1 ). Note that the high disturbance period of Kp-index 5o also reached a Kp-index of 7− during the first three hours, i.e. corresponding to a strong geomagnetic storm of magnitude G3 (max Kp-index is 9o), and followed by a Kp-index of 5− and 4−, respectively. We remark also that during the low level of Kp-index 0+, the Trimble 5700 receivers tracked data two days later than the ublox data but that we take the GPS satellite repeatability period of one sidereal day (Axelrad et al. 2005) into account (see Table 1 ) so that the two nine hour periods of data can be compared. Figure 10 depicts the single-epoch DD slant ionospheric delays determined by a L1+L1+B1+E1 ublox+patch model in the left column, and L1, L2 GPS tracked by Trimble 5700 with Zephyr 2 antennas in the right column. The same reference satellite is used when forming the GPS DDs so that a comparison can be made between the two receiver models. An elevation cut-off angle of 20 • is used to avoid any low-elevation multipath on the estimates, and the geometryfixed and ambiguity-fixed model has been employed. The DD STD for the ionosphere pseudo-observations was initially set to 5 cm for all the depicted nine hour periods. The estimated DD GPS slant ionospheric delays are depicted in blue color, Galileo in green, BDS in magenta, and the mean ionospheric delays averaged over all satellites and per epoch are denoted as black dots. In these results a system-specific reference satellite was used to formulate the satellite differences, so that the ionospheric delay for the single QZSS satellite tracked for this time period becomes zero. At top of each panel we depict the mean STD of all slant ionospheric delays over the nine hour periods. In this way we can assess whether the two receiver types give consistent indications of the actual relative ionospheric disturbance at the receiver locations. Figure 10 shows overall a very good agreement between the two receiver models, with slightly larger STD, at the level of one millimeter level, for the ublox receivers at the top panel and in the left column. This is similar to the SF and DF GPS results in (Yuan and Ou 2001a; Zhang et al. 2018 ). More importantly, the figure confirms empirically the predictions by GFZ of low, medium and high ionospheric disturbance periods. The high disturbance period will likely result in a poorer single-epoch ambiguity resolution performance than in the calmer ionosphere conditions (Odijk (2002) , Odolinski et al. (2015b) , Odolinski and Teunissen (2017a) ). This will be particularly true when the Kp-index is 7-, where Fig. 10 and the bottom row illustrates that some of the DD slant ionospheric delays even reaches magnitudes above 0.1 m several times during this three-hour period (epochs 0 h to 3 h). This consequently makes the mean DD slant ionospheric and Trimble 5700+Zephyr (right). The GPS DDs make use of the same reference GPS satellite for both receiver models. The geometry-fixed and ambiguity-fixed model was employed, and the data time periods and receiver setups are shown in Table 1 and Fig. 1 , respectively. The first three hours of the high ionospheric disturbance period at bottom row was reaching a Kp-index 7−, i.e. a strong geomagnetic (G3) storm, followed by a Kp-index of 5− and 4−, respectively. a ublox+patch L1+L1+B1+E1. b Trimble 5700+Zephyr L1, L2 GPS delays (black dots) to become significantly different from zero.
To further illustrate that the two receiver models can give similar DD slant ionospheric delay LS estimates, we depict in Fig. 11 the corresponding ublox minus Trimble GPS DD slant ionospheric delays for the Kp-index 5o period (bottom row of Fig. 10 ). The doubling in noise that enters by the differencing is accounted for by dividing the differenced DD slant ionospheric delays by √ 2. One can from this figure see that the GPS DD slant ionospheric delays now fluctuate around zero and that the corresponding STD is at the level of the phase precision (see Table 2 ). Table 3 summarizes the estimated ionosphere DD STDs from Fig. 10 expressed in units of mm per km, for the low, medium and high ionosphere disturbance levels. In this way we can compare the results in this section to the results in the following section, where a baseline length of 21.8 km will be analyzed. Note that the obtained STD of 1.4 mm per km for the medium level also resembles the recommendation in Schaffrin and Bock (1988) and the results obtained in Odolinski and Teunissen (2017b) . 
Single-and multi-epoch ADOP results
Now we are in the position to evaluate the positioning and ambiguity resolution performance for the three different ionospheric disturbance periods. We evaluate the singleepoch (1) and multi-epoch models while making use of the DD ionosphere STDs (Table 3 ) to formulate our stochastic models, while also using the LS-VCE STDs in Table 2 . The DF GPS STDs were estimated in Odolinski and Teunissen (2017a) as 18 cm and 19 cm for L1 and L2 code, respectively, with phase STDs at 2 mm for both frequencies, so we use Table 3 Estimated mean STDs for the DD slant ionospheric delays (σ ι ) for a 8.9 km baseline in Dunedin during three different 9 h ionospheric disturbance periods as depicted in Fig. 10 , and while using the data and receiver setups as depicted in Table 1 and Fig. 1 the same stochastic model settings here. For the high ionosphere disturbance level, we set the DD ionosphere STD for the last six of the nine hours to 2.3 mm per km, which is the mean of the medium (3o) and high (5o) level STD in Table  3 . This since this six hour period has a Kp-index of 5-and 4-, respectively, while the first three hours have a Kp-index of 7-(c.f. Fig. 10 ) and thus should be given the larger DD ionosphere STD of 3.2 mm per km. Figure 12 depicts ADOP results for both models and instantaneous (single-epoch) ambiguity resolution while using an elevation cut-off angle of 10 • . The SF 4-system model is depicted in left and DF GPS in the right column. The first three rows from top to bottom depict the low, medium and high ionospheric disturbance levels, respectively. The bottom row depicts a multi-epoch model while treating the ambiguities as time-constant parameters in a dynamic model for the high ionosphere disturbance period, whereas all other parameters are assumed unlinked in time. For this model we make use of re-initializations at every 15 min (30 epochs) so that larger samples of time to reach ADOP values below the 0.12 cycle level can be obtained. A zoom-in is here used to show the ADOPs during the first ten epochs of data. Figure 12 and the top row show that we can expect the single-epoch model to achieve successful ambiguity resolution when the ionospheric disturbance is at low levels for this 8.9 km baseline, since the ADOP (blue lines) is below the 0.12 cycle level (red lines) during the entire nine hour period for both models. The SF 4-system performance for the medium level (in the second row from top) will be somewhat poorer, however, where the ADOPs are somewhat larger than for the DF GPS model. This is consistent with the results obtained in (Odolinski and Teunissen 2017a) . However, when the ionospheric disturbance is at the high level (at the third row from top), we predict that the multi-epoch model needs to be used for both receiver types. This since the single-epoch ADOP are much larger than the 0.12 cycle level all the time, with a poorer performance for the SF 4-system model. The corresponding single-epoch ADOPs are moreover, as expected due to the stochastic model settings, particularly large with values above 0.25 cycles in the first 360 epochs during the high ionospheric disturbance period (i.e. the three hours with Kp-index 7-).
When the multi-epoch model is used for the high ionospheric disturbance level, as depicted in the bottom row of Fig. 12 , the time to reach the 0.12 cycle level is, on average over the 36 (re-)initializations, about five epochs (2.5 min) and three epochs (1.5 min) for the SF 4-system and DF GPS models, respectively. We have thus predicted that the low-cost solution can give an almost competitive ambiguity resolution performance to that of DF GPS when a Kalman filter with a dynamic model need to be used.
Single-epoch RTK positioning results
As a next step we will now investigate the corresponding empirical positioning performance. Figure 13 depicts the local Up positioning error results, whereas the North and East errors are not shown for brevity (but their (multi-epoch) ambiguity-fixed STDs are further depicted in Table 4 ). Below the Up time-series the corresponding ADOPs (c.f. Fig. 12 ) are given together with the mean DD slant ionospheric delays averaged over all satellites and per epoch, as determined through the geometry-fixed and ambiguity-fixed model similar to Fig. 10 . We aim here at instantaneous (single-epoch) ambiguity resolution, whereas in Fig. 14 we will look at the multi-epoch solution while using a dynamic model for the ambiguities.
The top rows of Fig. 13 show the results during the period of Kp-index 0+, middle 3o and bottom rows the 5o data. Note at the bottom row of Fig. 13 that the mean DD slant ionospheric delays (black dots) are significantly larger between epoch 540 and 810 for the DF GPS model since these depicted , medium (3o) and high (5o) ionospheric disturbance periods, respectively, while using the STDs in Table  3 in the stochastic model for a baseline length of 8.9 km. Note in the bottom two rows for the first three hours a high ionosphere disturbance period with Kp-index 7-was present, and thus a DD ionosphere STD of 3.2 mm per km was used. Whereas for the subsequent six hours (Kp-index of 5-and 4-, respectively) a STD of 2.3 mm per km was employed. The bottom row depicts the ADOPs for the high ionospheric disturbance period while using a multi-epoch model for the same time period as that of the third row (with re-initializations every 15 min) a ublox+patch L1+L1+B1+E1, b Trimble 5700+Zephyr L1, L2 GPS delays are averaged over all GPS satellites, whereas the SF 4-system model also tracks Galileo, BDS and QZSS and thus the corresponding averaged slant ionospheric delays become somewhat smaller (c.f. Fig. 10 ). Figure 13 shows that the low-cost SF 4-system RTK receiver model achieves a competitive performance to DF GPS for the low ionosphere disturbance period at the top row, as was also predicted by the ADOPs in Fig. 12 . The ILS SR is namely 100% for both models over the entire nine hour period, which results in the millimeter-centimeter level positioning precisions in green color. When the Kpindex increases to 3o in the middle row, the magnitude of the mean DD slant ionospheric delays, depicted as black dots, increases in comparison with the low level period. However the performance between the two models then still remains similar, since the SF 4-system model achieves an ILS SR of 99.1% and DF GPS a 99.4% SR. Finally when the ionospheric disturbance is at a high level (at the bottom row) with a nine-hour mean Kp-index of 5o, the models achieve an ILS SR of 68.2% and 82.5% for the SF 4-system and DF GPS models, respectively. The poorest performance is obtained, as expected, during the first three hours, when the Kp-index is 7-(c.f. Fig. 10 ), which is also reflected through the large excursions of the DD slant ionospheric delay time-series that results in a similarly poor positioning performance.
Multi-epoch RTK positioning results
In Fig. 14 we depict the corresponding multi-epoch results for the nine hour period with mean Kp-index 5o. We produced the results by using a Kalman filter that starts at the first epoch, and the ambiguities are kept as time-constant parameters in the dynamic model until the integer estimated ambiguities equals the set of reference ambiguities. These reference ambiguities were determined by keeping the ambiguities time constant over the entire time span and employing the geometry-fixed model. Then the filter is re-initialized at the second epoch, and the whole procedure is repeated again. Below each Up error time-series, we depict the time-to-firstfix (TTFF) as the time needed to re-produce the reference (Table 1) . A zoom-in window is used for the Up positioning errors. Below each Up error time-series the ADOP (from Fig. 12 ambiguities. The TTFF is given as mean values for the separate three-hour periods (c.f. Fig. 10 ), i.e. for periods with a Kp-index of 7-, 5-and 4-, and is depicted as red, orange and green bars from left to the right column, respectively. Figure 14 shows that the two models both achieve successful ambiguity resolution with ambiguity-fixed positions at the cm-level precision. We can also see that the fixed solutions are generally biased during the first three hours while the Kp-index is 7-and as an effect of the DD slant ionospheric delays as depicted at bottom row of Fig. 13 , particularly for the SF 4-system model in the left column. In the DF case the slant ionospheric delays are shared between the two frequencies that thus leads to more precise corresponding estimates than in the SF case, which can explain the larger biases experienced for the SF model. Figure 14 illustrates further that successful ambiguity resolution is possible even in the presence of biases such as ionospheric delays, see e.g. Teunissen (2001) , Li et al. (2014) .
To illustrate that the ionospheric biases indeed are the main contributing factors to the corresponding biased correctly fixed positioning results for the high ionospheric disturbance period (Kp-index 5o), we depict in Fig. 15 the corresponding L1 GPS Up positioning errors while using a Kalman-filter and ionosphere-weighted model for both receiver types at the top row. The middle row depicts the corresponding results when corrections are available for the GPS DD slant (Table 1) . The corresponding TTFF STDs are also given, and the ILS SR is 100% for both models. A zoom-in window is used for both the horizontal and Up positioning errors, and an elevation cut-off angle of 10 • is used ionospheric delays, i.e. we useι as sample values for the ionosphere pseudo-observations. These sample DD slant ionospheric delays were determined through LS to obtain ι by making use of L1, L2 GPS Trimble 5700+Zephyr antennas for the L1 GPS ublox+patch antenna model in the left column, and by L1+L1+B1+E1 ublox+patch for the L1 GPS Trimble 5700+Zephyr antenna model in the right column of Fig. 15 , while using a stochastic model setting of σ ι = 5 cm and employing the geometry-fixed and ambiguity-fixed models. In other words the LS estimated GPS DD slant ionospheric delay corrections applied to each model are based on independent baselines and receivers/antennas at approximately the same location (c.f. Fig. 1 ), and these estimates were also shown to be very similar between the two models (c.f. Fig. 11 ). We assume in our stochastic models that the LS estimated GPS DD slant ionospheric corrections that are applied have an uncertainty of σ ι = 1.4 mm/km (Table  3) , which assures us that if small residual ionospheric biases remain these can also be estimated through the use of the ionosphere-weighted model. Any remaining biases in the fixed Up positioning results would then mainly be due to the ignored relative ZTD or multipath. Since the L1 GPS models need more than one epoch for successful integer ambiguity resolution , we make use of a bootstrapped SR criterion of P s ≥ 99% before integer ambiguity resolution is attempted for all models. This criterion is also used to decide upon when to include newly risen satellites. The satellites are considered to rise when they exceed the user-defined elevation cut-off angle of 10 • . We depict therefore the bootstrapped SRs at the bottom row of Fig. 15 for the ionosphere-corrected (and ionosphere-weighted) L1 models. Figure 15 shows that the bootstrapped SR reaches a value of 99% faster for the Trimble 5700 receivers than for the ublox receivers owing to the better L1 code precision. We can moreover see the effects on the L1 GPS positioning results for both receiver models as an effect of the earlierreferenced large GPS DD slant ionospheric delay scatters between epoch 540 and 810 (see bottom row and right column of Fig. 13 ). Moreover both L1 ionosphere-weighted models at the top row do not achieve successful ambiguity resolution over this entire nine hour period with high ionospheric disturbances. However when the GPS DD slant ionospheric delay corrections are used at the bottom row, we can see that the Up positioning errors become more unbiased than the uncorrected counterparts (at the top row), and that successful ambiguity resolution is possible over the entire observation time span once the bootstrapped SR of 99% has been reached for both L1 receiver models.
Most importantly, if we re-visit and analyze Fig. 14 again it shows that the SF 4-system and DF GPS models are still competitive when the Kp-index is 7-, where both models need up to about 10 epochs (5 min) as mean TTFF to obtain (Table 1) . A zoom-in window is used for the Up positioning errors. Below the ionosphere-corrected (and ionosphere-weighted) model Up error time-series, the bootstrapped SRs time-series are shown (bottom row) since a P s ≥ 99% criterion was used to determine when to fix the ambiguities to integers. The GPS DD slant ionospheric delay corrections were determined through LS by L1, L2 GPS Trimble 5700+Zephyr (left) and L1+L1+B1+E1 ublox+patch (right column), respectively, while using the geometry-fixed and ambiguity-fixed model (c.f. Fig. 10) successful ambiguity resolution. This is also reflected by the ambiguity-float positioning errors that generally get more precise between epoch 0 and 360, which is an effect of the dynamic model for the ambiguities so that they over time will be driven by the very precise phase data until a filter re-initialization occurs. In summary, we have shown that the low-cost SF 4-system model can obtain competitive ambiguity resolution performance to DF GPS even when the ionosphere disturbance is at a high level with a strong geomagnetic (G3) storm. Table 4 summarizes the mean TTFFs, their STDs, and the empirical STDs of the fixed positioning errors while using the multi-epoch model in Fig. 14 . The results are given for the three nine hour ionosphere disturbance level periods. Note that the statistics of the high level (Kp-index 5o) is taken over the 3-hour periods of Kp-index 7-, 5-and 4-combined, and that the ILS SR is 100% for all models. Table 4 shows that the positioning precisions are all at the millimeter level for the low and up to two centimeters in the Up component for the medium level period, for both receiver models. This implies that a competitive positioning The baseline length is 8.9 km and in Dunedin, with ionosphere disturbance at low, medium and high levels (10 • elevation cut-off and 9 h of data, see Table 1) performance can indeed be obtained during such ionosphere activity periods. However for the high ionosphere disturbance level, the SF low-cost RTK receiver solution obtains STDs that are larger than for DF GPS by up to 2.5 cm in the Up component. Note also that the STDs of the TTFF are several epochs during this high ionosphere disturbance period for both models, as an effect of the three hours that reached a Kp-index of 7-, i.e. a strong geomagnetic (G3) storm (c.f. Fig. 14) . In conclusion we have through the similar TTFFs in Table  4 shown that SF 4-system RTK model can give competitive ambiguity resolution performance to DF GPS for all the analyzed ionospheric disturbance periods and when the baseline length is 8.9 km. For the low and medium levels, instantaneous or very near-instantaneous ambiguity resolution is feasible, whereas at the high level both models need, on average, around 2 min in TTFF (and about 5 min when a Kp-index of 7-is reached, see Fig. 14) .
8 Single-frequency low-cost RTK receiver performance for a 21.8 km baseline with ionosphere disturbances at a low level
In this section we will briefly analyze and compare the SF 4-system RTK performance to that of DF GPS for a baseline of 21.8 km in length, and when the Kp-index reaches 1+ (i.e. a reasonably low level). We will demonstrate that the performance will then still remain competitive to that of DF GPS. The analysis is based on 24 h of data as depicted in Table 1 and Fig. 1 . Figure 16 shows the corresponding ambiguity-float and correctly ambiguity-fixed positioning results for instantaneous RTK. Below each Up time-series we also depict the ADOPs and the mean DD slant ionospheric delays averaged over all satellites and per epoch, as determined by using the geometry-fixed and ambiguity-fixed model, similar to Fig. 13 . The estimated mean STD of these DD slant ionospheric delays for all satellites is approximately 0.5 mm per km, i.e. smaller, as expected, than during the Kp-index 3o period as depicted in Table 3 (but slightly larger than the 0+ period). This STD is in total approximately 10 mm, which is thus slightly smaller than for the 3o period and the 8.9 km baseline in Fig. 10 that reached a value of 12 mm. We can thus expect to have a better performance for this 21.8 km baseline data than for the 8.9 km baseline during such medium ionosphere disturbance conditions. Figure 16 illustrates that the two models, i.e. SF 4-system and DF GPS, indeed achieves a similar instantaneous ambiguity resolution performance with ILS SR of 100%. Both models can thus provide for correctly fixed positioning precisions at the millimeter-centimeter level over the entire day.
In conclusion we have illustrated empirically that during calm ionospheric conditions, single-baseline RTK lengths of up to 21.8 km can be used for instantaneous ambiguity resolution and when using low-cost SF 4-system RTK receivers. We also demonstrated that such performance is then even better than during medium ionosphere disturbance periods for a baseline length of 8.9 km, as shown in the previous section. This is similar to the formal conclusions made in Odolinski and Teunissen (2017a) .
Conclusions
In this contribution we investigated the low-cost singlefrequency (SF) RTK receiver performance for two receiver types that can track L1 GPS, L1 QZSS, B1 BDS and E1 Galileo, or any combinations thereof, as well as a smartphone implementation of one such receiver. With "low cost" we refer to a cost of at most a few hundred USDs per receiver/antenna. We also compared the best performing low-cost receiver to high-grade dual-frequency (DF) GPS receivers and antennas that have a cost of several thousands USDs. The analysis was conducted in Dunedin, New Zealand for ionosphere disturbance at low, medium and high levels, thereby making use of the ionosphere-weighted model for a baseline length of 8.9 km. The periods analyzed had a Kpindex ranging between 0+ and 7-, i.e. for levels up to a strong geomagnetic storm (G3). We then compared the results to the performance obtained for a baseline length of 21.8 km during a reasonably low ionospheric disturbance period.
First we determined the code and phase (co)variances through least-squares variance component estimation (LS-VCE) for all receiver types so as to formulate a realistic stochastic model. We also looked at the time correlation for a zero-baseline (ZB) setup, and concluded that one of the low-cost RTK receiver types likely make use of receiverrelated filtering, which is also commonly referred to as "phase smoothing". Such phase smoothing was further verified by re-starting the receiver in five minute intervals, and we subsequently analyzed the single-epoch double-differenced (DD) code least-squares residuals and the corresponding ambiguity-float positions. A smartphone implementation of the better performing RTK receiver was then tested, and the stochastic model was verified by an independent 24 h data set. We showed that successful instantaneous ambiguity resolution and millimeter-centimeter level positioning precisions can now be achieved directly in such a smartphone.
By making use of the better performing low-cost SF RTK receiver types, we then investigated the performance for ionosphere disturbance at low, medium and high levels and a baseline length of 8.9 km. It was concluded, based on three nine hour data sets, that the instantaneous ambiguity resolution performance is competitive to that of DF GPS for a Kp-index up to 3o, whereas both receiver models need to make use of the multi-epoch model when reaching higher ionospheric disturbance levels. Fortunately however, the SF RTK receiver performance then still remained competitive to that of DF GPS, where a few minutes of time-to-first-fix (TTFF) was required when the Kp-index reached levels up to 7-. Finally, we confirmed such competitive performance under calm ionosphere conditions for a baseline length of 21.8 km. Once the future full constellations of Galileo, BDS and QZSS are employed, we can expect that the models will get stronger so that such combined SF performance will be further improved as long as the receivers do not have a limited number of satellites that they can track.
